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Recall: complexity of matrix multiplication

> We defined the exponent of matrix mult. w in terms of circuit complexity
> And then we proved that it can be equivalently defined in terms of tensor rank

\

Matrix multiplication tensor

¢ m

(¢, m, n) ZZZeU@)ejk@ek,

i=1 j=1 k=1

. J

w=inf{p| R({n,n,n)) = O(n”)}

If w < p, then n x n matrix multiplication can be performed
using O(nP) algebraic operations.

If w = p, then — using nPT°(1) operations
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Recall: Basic tools for matrix multiplication

Theorem

w < log, R({n, n, n))

R({(n,n,n)) <r=n*<r

Theorem

| r

w S 3|og€mn R((& m, n>)
R((¢,m,n)) < r= (¢mn)*/3 < r

r

Theorem (Pan 79)

R(p®(n,n,n)) < r=pn“ <r

Pan used this statement to prove w < 2.8, but the construction is complicated
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Asymptotic sum inequality: Uniform version

R(p® (£, m,n)) < r= p(tmn)*/3> < r

> Proven in the same way as for one rectangular map:

> R(pe® {¢{,m,n))=R(p®(m,n L)) = R(p® (n, ¢, m)) by shifting tensor
factors

> R(p® (¢,m,n)) < r= R(p>® (¢mn,fmn,{mn)) < r3

> Applying the square version, we get p*(¢mn)~ < r3
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Asymptotic sum inequality

Theorem (= Schonhage 81)

he]

R(@ e, M, i) < r = z:(fmn)w/3 <r

k=1 k=1
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Asymptotic sum inequality

We will prove this for the case of 2 summands

If R({(€1,my,n1) & (b, mp,np)) <r

then (flmlnl)% o (ﬁzmznz)% <r
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Asymptotic sum inequality: Binomial formula

Properties of tensor operations
TeS=SaeT

TRSSXT
( T ® 7—2) X S = ( 1 X f;) D ( T X f;)
Here T=Sif T = (A® B® C)S with invertible A, B, C

This is enough to prove the binomial formula

N
N -
(e T)*" =P (K) o TEK R 7,/

K=1
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Asymptotic sum inequality

If R(<€17 my, n1> > <£27 my, n2>) S r

then (ﬂlmlnl)% + (€2m2n2)% <r

N
N
((éla my, n1> S <€25 my, n2>)®N = @ (K) © <£],.<££V K mfmév K nfnév K>

> Take only one of the “monomials”
N KN-K K -K
R K O (UK mfEm) =K i) =H) ) <
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Entropy enters

We need some facts involving entropies

First, the binomial coefficients can be estimated using entropies

K N—K
NN (NN (N _ NH(EI-E)
K) — \K N—-K

This estimate becomes better if N — oo
1 N

lim —| = H(p,1—

Jim_ log (LPNJ) (p,1—p)
Finally,

max H(p,1 — p) + ploga+ (1 — p) log b = log(a + b)
P

Maximum is attained on p =

P
Note that log (i)’ bV ="K ~ H(K 1 - Ky 4+ Kloga+ (1 - K)logb
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Asymptotic sum inequality

N
R (<K) ® <€{<€9’_K,m{<mév_K, nfnév_K>> <rN
Apply the uniform version

Letp:%

1 N w w
— — — — <
N log <K> + P3 log ¢yming + (1 — p) 3 log lomyny < log r

Fix the probability and let N — oo

w w
H(p,1—p)+ P3 log {ymyng + (1 — p)g log loman; < log r
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Asymptotic sum inequality: final steps

H(p,1—p)+ p%’ log £ymyng + (1 — p)%) log amany < log r

log [(61 myn )/ + (ﬁzmgng)“ﬂ] <logr

If R((¢1, my,m) @ (L2, mp,n2)) < r
then (Elmlnl)% + (égmgng)% <r
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Story of border rank

T:Zua®va®Wa

a=1

Tensor rank decomposition can be thought as an equation on u,, v,, w,

Numerical methods to solve: nonlinear least squares

.
||T—Zua®va®wa||2%min

a=1

Works very well for (2,2,2)
Can be made to work for slightly larger tensors, but diverges often
Why divergence?
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Border rank

W=-aRa®b+aRbxxat+bhbRa®a

It is possible to prove that R(W) =3
One approach: if R(W) =2, then W =x® M+ y ® N with M, N of rank 1

1
_ e © ®3 @3
W = I|m06 [((a+eb) a®?

E—>

W is a limit of rank 2 tensors
Definition
Consider a tensor space U® V @ W. Let
X, ={TeUVeW|R(T)<r}

be the set of all tensors of rank at most r. The border rank R(T) is the minimal r
such that T lies in the closure X,

Vladimir Lysikov Tensor decompositions and TCS 3 14.09.2022 13 /27



Border rank

Definition
X ={TeUaVeW|R(T)<r}

The border rank R(T) is the minimal r such that T lies in the closure X,

Over arbitrary field take Zariski closure

Over C the closure in analytic topology is the same, because X, is a
constructible set
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Secant varieties

The set Xj of rank 1 tensors is the affine cone over the Segre variety
Seg(PU x PV xPW) CP(U® V@ W)

We have PX, = o,(Seg(PU x PV x PW))
Border rank is captured by secant varieties of the Segre variety

For example, [W] lies on a tangent to the Segre variety at the point [a®3]
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Orbit closures

> Recall that R(T) < rifandonly if T < E,

> Consider tensors in k"*"*"

» X, ={T| T=(A® B® C)E, where A,B,C: k" — k'}
» X, ={T|T=(A®B®C)E, where A,B,C € GL,}

> X =(6L7)-E

Definition
TeU®V® W is a degeneration of S € U’ ® V' ® W' if there is a tensor
T € GL(U') x GL(V") x GL(W")- S such that T = T"

Notation: T < S

R(TY<reT<S
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Algebraic characterization

> We need a more algebraic approach

Let T,S € k?*™*"_ We have T < S if and only if
ePT + P T, + -+ =[Al€) x B(e) x C(e)]S

for some p and some matrices A, B, C with polynomial entries.

> The easy direction: divide by ¢ and let ¢ — 0 to prove T € {(A® B® C)S}

» Example: eW + o(e) = (a+¢b)®? + (—a)®3 = [—11 (6)] £

> pis called the approximation degree
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Algebraic degenerations: properties

> Write T <, S if the approximation degree is p

T1 <5, 51,109, So = THRT, i, SIRS

Fo = E 6 Qe & ek
0<isj,k<p
i+j+k=p

> F, is equivalent to the tensor of truncated polynomial multiplication

(k[z]/ (1))

T4,5=T<SKF,
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From degenerations to restrictions

T<9,S=T<SKF,

> Suppose €T + o(eP) = [A(e) ® B(e) ® C(¢)]S
> Let A(e) = Ay + €A1 +e2Ay + ... and the same for B, C.
> The coefficients before P in A(e) ® B(e) ® C(e) is

Z A ® B ® C
i+j+k=p

> Therefore
T= Y (A®B®G)S
i+j+k=p
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From degenerations to restrictions

T<S=>T<SKF,

> Define A: U' @ kPl — U

A(Z X ®e) = ZA/'X;

> and analogously B,C
> We have
(AeBeC)(SRF)= Y (AeBe()(SK(eoee))=
i+j+k=p
= Z (Ai®Bj®Ck)5= T
i+j+k=p
> Thus T <SKXF,
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Border rank and matrix multiplication

Theorem (Bini 80)

w < log, R({n, n, n))

> Let (n,n,n) 4, E
> Take Kronecker powers

(n, n, n>®N Inp EBN = E .y
> Get rid of degenerations
<nN, nN, nN> < EnX Fpp
» Trivial upper bound: R(F,) < (p + 1)?
R({(n",n" nV)) < (Np+1)*rV

> w<logwrN(Np+1)2=r+ O(' ") - ras N — oo
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Bini-Capovani-Lotti-Romani algorithm

[Bini et al 79] presents an approximate decomposition for (3,2,2), R < 10
Later, [Bini 80] proves the statement connecting border rank to rank

The actual decomposition is a bit complicated

It is based (anachronistically) on the following [Landsberg & Ryder 15]
Consider a W-like decomposition

x@vaw+uRy@w+u®vez)+o(e?) =
=(u+ex)@(vtey)@(w+ez)—uvew

We can combine several decompositions of this form if several corresponding
uU® v ® w terms can be combined into one term

n® v+ V2)®\V|/1\

‘\tlz\@(w +w)®wm
(i1 + ) @ (vi +v) ® (w1 + w)
(i +w)® Vl(g/m//.(”iuz) @ Vo ® wa
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Border rank: additional results

> All results that we proved yesterday and at the start of the lecture only use
algebraic properties of tensor operations and the relation <

> The degeneration relation shares all relevant properties

Theorem (Asymptotic sum inequality, Schonhage 81)
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Schonhage's construction

Consider matrix multiplication tensor (n,1, m)

(n,1,m) ZZe,@eﬂgeU

i=1 j=1

We have R((n,1, m)) = nm by conciseness
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Schonhage's construction

Modify the decomposition

DD (eitefy) @ (e +efy) ® (Pey + F) =

i=1 j=1

=(Zef)®(Zej)®f

+ed e () _f)ef
i J

+e) O feegef
TR

e [(nLm)+ Y fafiaf| +...

u
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Schonhage's construction

Choose fjj such that >, f; =0 and ZJ- fj=0
(n—1)(m — 1) linearly independent

YD (eitefp@(g+efi)@(Ee+f) =D )@ (D e) @
i j

i=1 j=1
f J

+€? (n,1,m) + :E:: [@ff| +...
i
For every matrix M, the tensor M ® v is equivalent to

P
(1,p,1) :Ze;@e,-@ewherep:rk/\/l

i=1
If > fi=0and > . f; =0, then rk}_; f; ® f = (n — 1)(m — 1)
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Schonhage's upper bound

Theorem (Schénhage 81)

R((n,1,m) +(1,(n = 1)(m—1),1)) < nm +1

> In fact this is an equality, by conciseness for border rank
> R((4,1,4) +(1,9,1)) < 17 gives w < 2.55

> [Coppersmith & Winograd 82] show how to improve the
“scalar product” term (1, p, 1) after taking Kronecker powers

> They get w < 2.5 from R < 10000 for

(81,1,81)®20)(54, 4, 27)6(36, 16, 9)2((9, 46, 9)2( (6, 184, 3)a(1, 3502, 1)
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