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Recall: bilinear circuits

T : X × Y → Z is a bilinear map. Let ℓ = dimX , m = dimY , n = dimZ .

x1 . . . xℓ y1 . . . ym

A B

× . . . ×

C

z1 . . . zn

T (x , y) =
r∑

a=1

fa(x)ga(y)wk
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Recall: Rank and circuit complexity

R(T ) — minimal number of proper multiplications in a bilinear circuit

L(T ) — number of algebraic operations required to compute T (x , y)

R(T ) ≤ Lmlin(T ) ≤ const · L(T )
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From rank to circuit complexity

T : X × Y → Z is a bilinear map, ℓ = dimX , m = dimY , n = dimZ , r = R(T ).

T (x , y) =
r∑

a=1

fa(x)ga(y)wk

▶ To compute one linear form fa(x), we need at most ℓ constant multiplications
and ℓ− 1 additions

▶ To compute r linear forms f1(x), . . . , fr (x), we need ≈ 2ℓr linear operations

▶ Same for g — 2mr linear operations

▶ Then we multiply fa(x) by ga(y) — r proper multiplications

▶ To compute the output as linear combinations of these products, we need
2nr linear operations

Total: r + 2r(ℓ+m + n)
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Complexity of matrix multiplication

▶ Consider n × n matrix multiplication

▶ Let R(n) be the rank of n × n matrix multiplication tensor

▶ L(n) —- the circuit complexity of matrix multiplication

L(n) ≤ R(n) + 2R(n)(n2 + n2 + n2) = R(n) + 6n2R(n)

▶ Additions and constant multiplications dominate the cost

▶ Bilinear algorithms also work work block matrix multiplication

n∑
j=1

xijyjk =
Rn∑
a=1

waik

 n∑
i,j=1

faijxij

 n∑
j,k=1

gajkyjk


▶ Consider nm × nm matrix multiplication as multiplication of n × n block

matrices with m ×m blocks

L(nm) ≤ R(n) · L(m) + 6n2R(n) ·m2
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Complexity of matrix multiplication: Recurrence

L(nm) ≤ R(n) · L(m) + 6n2R(n) ·m2

▶ If R(n) > n2, then L(m) = O(mlogn R(n))

▶ If R(n) = n2, then L(m) = O(m2 logm)

Definition

The exponent of matrix multiplication ω is defined as

ω = inf{p | L(m) = O(mp)}

We have almost proven

Lemma

ω ≤ logn R(n)
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Conciseness

▶ Let T : U × V → W be a bilinear map of rank r

T =
r∑

a=1

fa ⊗ ga ⊗ wa

T (x , y) =
r∑

a=1

fa(x)ga(y)wa

▶ If r < dimW , then

imT ⊂ span(w1, . . . ,wr ) ⊊ W

▶ Thus, if imT = W , then r ≥ dimW
▶ Note that imT stays the same if we consider it as a linear map

T : U ⊗ V → W

Definition

A tensor T ∈ U ⊗V ⊗W is concise in the third factor if the corresponding
map T : U∗ ⊗ V ∗ → W is surjective
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Exponent of matrix multiplication

Definition

The exponent of matrix multiplication ω is defined as

ω = inf{p | L(m) = O(mp)}

Lemma

ω ≤ logn R(n)

Theorem

ω = inf{p | R(n) = O(np)}

▶ If R(n) ≤ Cnp, then ω ≤ logn R(n) ≤ p + O( 1
log n )

▶ If ω ≤ p, then R(n) ≤ const L(n) = O(np)
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Matrix multiplication tensor

▶ Consider multiplication of an ℓ×m matrix by an m × n matrix

xy =
ℓ∑

i=1

n∑
k=1

eik

m∑
j=1

xijyjk

▶ As a tensor, this matrix multiplication is

ℓ∑
i=1

m∑
j=1

n∑
k=1

e∗ij ⊗ e∗jk ⊗ eik ∈ (kℓ×m)∗ ⊗ (km×n)∗ ⊗ kℓ×n

▶ It is more convenient to work with an equivalent tensor obtained by applying
some isomorphisms to the factors

ℓ∑
i=1

m∑
j=1

n∑
k=1

eij ⊗ ejk ⊗ eki ∈ kℓ×m ⊗ km×n ⊗ kn×ℓ

▶ This tensor is often denoted by ⟨ℓ,m, n⟩
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Strassen algorithm

⟨2, 2, 2⟩ = (e11 + e22) ⊗ (e11 + e22) ⊗ (e11 + e22)

+ (e21 + e22) ⊗ e11 ⊗ (e12 − e22)

+ (e12 − e22) ⊗ (e21 + e22) ⊗ e11

+ e11 ⊗ (e12 − e22) ⊗ (e21 + e22)

+ (e12 + e11) ⊗ e22 ⊗ (e21 − e11)

+ (e21 − e11) ⊗ (e12 + e11) ⊗ e22

+ e22 ⊗ (e21 − e11) ⊗ (e12 + e11)

ω ≤ log2 7 < 2.81
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Strassen algorithm

▶ Take a 2× 2 matrix D with such that D3 = 1, for example, D =

[
0 −1
1 −1

]
▶ Its characteristic polynomial is λ2 + λ+1, so D−1 +D + 1 = D2 +D +1 = 0

▶ Choose a vector x which is not an eigenvector of D, for example, x = [1 0]T

▶ Take a vector y such that yT x = 0 and normalize it so that yTDx = 1

▶ We have yTD−1x = −yTDx − yT x = −1

▶ The matrix M = xyT is traceless because trM = yT x = 0

▶ MDM = xyTDxyT = xyT = M

▶ MD−1M = xyTD−1xyT = −xyT = −M
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Strassen algorithm

Decompose
X = x1D + x2M + x3D

−1MD + x4DMD−1

Y = y1D
−1 + y2M + y3D

−1MD + y4DMD−1

and multiply according to the multiplication table

D−1 M D−1MD DMD−1

D 1 DM MD D−1MD−1

M MD−1 0 MD−1MD
= −MD

MDMD−1

= MD−1

D−1MD D−1M D−1MDM
= D−1M

0 D−1MD−1MD−1

= −D−1MD−1

DMD−1 DMD DMD−1M
= −DM

DMDMD
= DMD

0
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Kronecker products

▶ To express the trick with block matrix multiplication in tensor language, we
need to define Kronecker products
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Kronecker products

▶ To express the trick with block matrix multiplication in tensor language, we
need to define Kronecker products

▶ Abstract definition of the Kronecker product:

▶ Let T ∈ U ⊗ V ⊗W and S ∈ U ′ ⊗ V ′ ⊗W ′ be two tensors.

▶ Form the tensor product T ⊗ S ∈ (U ⊗ V ⊗W )⊗ (U ′ ⊗ V ′ ⊗W ′)

▶ Then apply the natural isomorphism

(U ⊗ V ⊗W )⊗ (U ′ ⊗ V ′ ⊗W ′) ∼= (U ⊗ U ′)⊗ (V ⊗ V ′)⊗ (W ⊗W ′)

▶ To get a (trilinear) tensor

T ⊠ S ∈ (U ⊗ U ′)⊗ (V ⊗ V ′)⊗ (W ⊗W ′)
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Kronecker products

▶ To express the trick with block matrix multiplication in tensor language, we
need to define Kronecker products

▶ Kronecker product in coordinates:

▶ Let

T =
ℓ∑

i=1

m∑
j=1

n∑
k=1

tijkei ⊗ ej ⊗ ek

S =
ℓ′∑
i=1

m′∑
j=1

n′∑
k=1

sijkei ⊗ ej ⊗ ek

▶ Then

T ⊠ S =
ℓ∑

i=1

m∑
j=1

n∑
k=1

ℓ′∑
i ′=1

m′∑
j′=1

n′∑
k′=1

(tijk · si ′j′k′)eii ′ ⊗ ejj′ ⊗ ekk′
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Kronecker product: Computational interpretation

▶ Let T : U × V → W and S : U ′ × V ′ → W ′ be bilinear maps

T (u, v) =
∑
ijk

tijkuivjek

S(x , y) =
∑
ijk

sijkxiyjek

▶ Consider elements of U ⊗ U ′

▶ They have the form
∑

i ei ⊗ xi , so they consists of several blocks xi ∈ U ′

▶ Same for V ⊗ V ′ and W ⊗W ′

▶ For the Kronecker product

[T ⊠ S ](
∑
i

ei ⊗ xi ,
∑
j

ej ⊗ yj) =
∑
ijk

tijk(ek ⊗ S(xi , yj))

▶ It operates blockwise like T , and the blocks are combined using S
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Kronecker product: properties

Lemma

⟨ℓ1,m1, n1⟩⊠ ⟨ℓ2,m2, n2⟩ = ⟨ℓ1ℓ2,m1m2, n1n2⟩

Lemma

R(T ⊠ S) ≤ R(T ) · R(S)

T =
r∑

a=1

ua ⊗ va ⊗ wa

S =
r ′∑

b=1

xb ⊗ yb ⊗ zb

⇒ T ⊠ S =
r∑

a=1

r ′∑
b=1

(ua ⊗ xb)⊗ (va ⊗ yb)⊗ (wa ⊗ zb)
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Matrix multiplication: rectangular blocks

Lemma

R(⟨ℓ,m, n⟩) = R(⟨m, n, ℓ⟩)

⟨ℓ,m, n⟩ =
r∑

a=1

ua ⊗ va ⊗ wa

⇒ ⟨m, n, ℓ⟩ =
r∑

a=1

va ⊗ wa ⊗ ua

Theorem

R(ℓ,m, n) ≤ r ⇒ ω ≤ 3 logℓmn r

R(⟨ℓmn, ℓmn, ℓmn⟩) ≤ R(⟨ℓ,m, n⟩)R(⟨m, n, ℓ⟩)R(⟨n, ℓ,m⟩) = r3

ω ≤ logℓmn r
3 = 3 logℓmn r
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Direct sum of tensors

▶ Let T : U × V → W and S : U ′ × V ′ → W ′ be two bilinear maps

▶ Their direct sum is defined as T ⊕ S : (U ⊕ U ′)× (V ⊕ V ′) → (W ⊕W ′)

[T ⊕ S ]((u, x), (v , y)) = (T (u, v),S(x , y))

▶ Abstractly

(U ⊕ U ′)⊗ (V ⊕ V ′)⊗ (W ⊗W ′) = (U ⊗ V ⊗W )⊕ (U ′ ⊗ V ′ ⊗W ′)⊕ . . .

▶ We inject tensors T ∈ U ⊗ V ⊗W and S ∈ U ′ ⊗ V ′ ⊗W ′ into the tensor
product of sums and add them

▶ Rank is subadditive with respect to direct sums

R(T ⊕ S) < R(T ) + R(S)

▶ [Shitov 17] shows that the inequality can be strict
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Matrix multiplication: several blocks

▶ Suppose we have a decomposition which allows us to multiply many pairs of
matrices simultaneously

R(⟨ℓ1,m1, n1⟩ ⊕ ⟨ℓ2,m2, n2⟩ ⊕ . . . ) ≤ r

▶ Can we construct from this another decomposition for multiplication of large
matrices?

▶ Computationally, we need to dissect a large matrix into appropriate blocks
and multiply them using an existing decomposition

▶ Focus on the case of uniform blocks for now

▶ Denote p ⊙ T = T ⊕ T ⊕ · · · ⊕ T (p times)

Theorem

R(p ⊙ ⟨n, n, n⟩) ≤ r ⇒ pnω ≤ r
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Another perspective on tensor rank

T =
r∑

a=1

ua ⊗ va ⊗ wa

▶ Define a map A : kr → U by Aea = ua
▶ Similarly Bea = va and Cea = wa

T =
r∑

a=1

ua⊗va⊗wa =
r∑

a=1

(Aea)⊗(Bea)⊗(Cea) = (A⊗B⊗C )
r∑

a=1

ea⊗ea⊗ea

▶ Denote Er =
∑r

a=1 ea ⊗ ea ⊗ ea ∈ kr×r×r
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Another perspective on tensor rank

Definition

A tensor T ∈ U ⊗ V ⊗ W is a restriction of a tensor S ∈ U ′ ⊗ V ′ ⊗ W ′

(notation T ≤ S) if
T = (A⊗ B ⊗ C )S

for some linear maps A : U ′ → U, B : V ′ → V , C : W ′ → W

Tensors T and S are equivalent if T ≤ S and S ≤ T

Theorem

R(T ) ≤ r ⇔ T ≤ Er
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Properties

T ≤ T ⊕ S

S ̸= 0 ⇒ T ≤ T ⊠ S

T1 ≤ T2 ⇒ T1 ⊠ S ≤ T2 ⊠ S

T1 ≤ T2 ⇒ T1 ⊕ S ≤ T2 ⊕ S

Er ⊠ T ∼= r ⊙ T

Er ⊠ Er ′
∼= Err ′ ,Er ⊕ Er ′

∼= Er+r ′
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Simple asymptotic sum inequality for rank

Theorem

R(p ⊙ ⟨n, n, n⟩) ≤ r ⇒ pnω ≤ r

▶ Denote R(m) = R(⟨m,m,m⟩)

⟨nm, nm, nm⟩ = ⟨n, n, n⟩⊠ ⟨m,m,m⟩ ≤ ⟨n, n, n⟩⊠ER(m)
∼= R(m)⊙⟨n, n, n⟩ ≤

≤ (⌈R(m)

p
⌉p)⊙ ⟨n, n, n⟩ ∼= ⌈R(m)

p
⌉ ⊙ (p ⊙ ⟨n, n, n⟩) ≤ ⌈R(m)

p
⌉ ⊙ Er

R(nm) ≤ ⌈R(m)

p
⌉r ≤ R(m)

r

p
+ r

R(m) = O(mlogn
r
p )

ω ≤ logn
r

p
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https://theoryofcomputing.org/articles/gs005/
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