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@ There are many notions of the rank of a tensor
o rank, flattening/multilinear rank, analytic rank, slice rank, subrank
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@ There are many notions of the rank of a tensor
o rank, flattening/multilinear rank, analytic rank, slice rank, subrank

@ This project is motivated by recent work of Kopparty, Moshkovitz and Zuiddam defining
the geometric rank of a tensor [KMZ20]
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Geometric rank

e Consider an order 3 tensor T = (Tjj) € C™*"*" with slices My, ... Mp, where

My = (Tij)ij € C™*™, then the geometric rank of T is

GR(T) = codim{(x,y) € C"*™ : xTMyy =0,...

M,

Ma

XM,y =0}
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Properties of the geometric rank

All of the following properties were proven in [KMZ20]:

@ GR is invariant under choice of slicing

@ If S < T then GR(S) < GR(T) where S< T ifS=(AB,C)- T

@ GR(S@® T) =GR(S)+ GR(T)

Q@ GR(S+ T) <GR(S)+ GR(T)

Q@ GR(l) =s

@ subrank(T) < border subrank(T) < GR(T) < slice rank(T)

@ Application: The border subrank of n x n matrix multiplication is at most [%nﬂ
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Symmetric geometric rank

e Given a symmetric tensor T = (Tjy) € Sym3(C") the symmetric geometric rank of T is

SGR(T) = codim{x € C" : x"Myx=0,...,x" M,x =0}

Ma

M,
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Symmetric geometric rank

e Given a symmetric tensor T = (Tjy) € Sym3(C") the symmetric geometric rank of T is

SGR(T) = codim{x € C" : x"Myx=0,...,x" M,x =0}

Ma

e .

o T = (Tjx) € Sym3(C") can be seen as a homogeneous cubic polynomial f € C[xi, ..., x,]

SGR(T) = codim Sing(f)
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Symmetric geometric rank

e Given a symmetric tensor T = (Tjy) € Sym3(C") the symmetric geometric rank of T is

SGR(T) = codim{x € C" : x"Myx=0,...,x" M,x =0}

Ma

e .

o T = (Tjx) € Sym3(C") can be seen as a homogeneous cubic polynomial f € C[xi, ..., x,]
SGR(T) = codim Sing(f)

@ 0<SGR(T)<n
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e Consider T = [M; Ms] where

0 0 0 1
(o T L T
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e Consider T = [M; Ms] where
00 01
el w=flg

GR(T) = codim{(x,y) € C2 x C2 : x"Myy =0, x" Moy =0}
= codim{(x,y) € C%2xC? xopp =0, x1y5 + X001 = 0}
=2

SGR(T) = codim{x € C? : x"Myx =0, x” Max = 0}
= codim{x € C*> : x3 =0, 2xyx0 = 0}
=1
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e Consider T = [M; Ms] where
00 01
el w=flg

GR(T) = codim{(x,y) € C2 x C2 : x"Myy =0, x" Moy =0}
= codim{(x,y) € C*> x C? : xoy» = 0, x1y2 + xoy1 = 0}
=2
SGR(T) = codim{x € C? : x"Myx =0, x” Max = 0}
= codim{x € C*> : x3 =0, 2xyx0 = 0}
=1
@ The corresponding polynomial is f = xjx2
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Properties of symmetric geometric rank

We can prove analogous properties for symmetric geometric rank:

SGR is invariant under choice of slicing

If S < T then SGR(S) < SGR(T) where S < T if S=(AAA)-T
SGR(S @ T) = SGR(S) + SGR(T)

SGR(S + T) < SGR(S) +SGR(T)

SGR(l5) =s

symmetric subrank(T) < SGR(T)

SGR(T) < GR(T)

000000

symmetric subrank(7T) < SGR(T) < GR(T) < slice rank(T)
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Spaces of prescribed symmetric geometric rank

@ The space of symmetric tensors T € P(Sym3(C")) with SGR at most k is

Sk = {T € P(Sym3(C")) | SGR(T) < k}.
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SnQSnflg"'Qsl
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Spaces of prescribed symmetric geometric rank

@ The space of symmetric tensors T € P(Sym3(C")) with SGR at most k is

Sk = {T € P(Sym3(C")) | SGR(T) < k}.

@ We have the following chain of inclusions

SnQSnflg"'Qsl

o S, =P(Sym3(C"))
e S,_1 = singular polynomials = defined by discriminant

8/13



Characterizing S;

o Let N= (”+Z_1) — 1. The d-th Veronese embedding is

vg: P 5 pN

[v] — [v®9].

Xg = vg(P"1) is the d-th Veronese variety
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Characterizing S;

o Let N= ("+Z_1) — 1. The d-th Veronese embedding is

vg: P 5 pN

[v] — [v®9].

Xg = vg(P"1) is the d-th Veronese variety

o The tangential variety 7(X) of X C PN is the Zariski closure of the union of the tangent
spaces to X.

Proposition (L., Rodriguez, Santarsiero, 2022)

The space of 3-ways symmetric tensors having symmetric geometric rank 1 is

S1 = 7(X3).
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Characterizing S;

Theorem (L., Rodriguez, Santarsiero, 2022)

Any order 3 tensor in Sy is of the form
f:f% - my -I-fg -my + £14om3

for linear forms ¢1,¢>, m1, my, m3 or it is reducible.
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Characterizing S;

Theorem (L., Rodriguez, Santarsiero, 2022)

Any order 3 tensor in Sy is of the form
f:f% - my -I-fg -my + £14om3

for linear forms ¢1,¢>, m1, my, m3 or it is reducible.

e Implies dim(S2) = dim(im(¢)) < 5(n — 1) where
b (]P)nfl)2 « (Pnfl)S s P("?)—l

(01, €2, my, ma, m3) = £3my + (3my + 10am3
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Characterizing S;

Theorem (L., Rodriguez, Santarsiero, 2022)

Any order 3 tensor in Sy is of the form
f:f% - my -I-fg -my + £14om3

for linear forms ¢1,¢>, m1, my, m3 or it is reducible.

e Implies dim(S2) = dim(im(¢)) < 5(n — 1) where
¢ (P"1)2 x (P"1)3 s P("5) 1
(£1, L2, m1, ma, m3) = £imy + (5my + (10om3
@ In general, can use this idea to get a lower bound dim(S)

o Asymptotically tight as order of tensor goes to infinity [Slal5]
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Facts about other Sy

o Let X C PN be an irreducible projective variety. The k-th secant variety o (X) of X is

ok(X) = U span{p1,..., Pk}
P1;--sPkEX
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Facts about other Sy

o Let X C PN be an irreducible projective variety. The k-th secant variety o (X) of X is

ok(X) = U span{p1,..., Pk}
P1;--sPkEX

Proposition (L., Rodriguez, Santarsiero 2022)

Let ox(7(X3)) be the kth secant variety of the tangential variety 7(X3) of the 3rd Veronese
n+2
variety X3 C p("s)-1. A general tensor in o (7(X3))) has symmetric geometric rank k.

o 04(7(X3))) C Sk is strict unless k =1
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Future directions

@ Classification of Sy, n—2> k >3
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Future directions

@ Classification of Sg, n—2> k>3
@ Any application where this could be useful?

@ In progress: design algorithm to numerically compute GR(T) and SGR(T)
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