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Tensor networks

Tensor network states are tensors T ∈ Cn1 ⊗ · · · ⊗ CnL arising via some
particular tensor contractions encoded in the combinatorics of a graph.

They appear in a number of fields

• Quantum Physics (Quantum Many-body Systems)

• Algebraic Complexity Theory (Algebraic Branching Programs)

• Machine Learning (Linear Networks)

• Algebraic Statistics (Graphical Models)

• Numerical Linear Algebra (Tensor Trains)

They give rise to

Algebraic varieties with rich representation theoretic structure
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How to build tensor network varieties

m3 m2

m1

Fix a weighted graph Γ = (v(Γ), e(Γ)) with weights m = (me : e ∈ e(Γ))

called bond dimensions. Let L = #v(Γ).
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How to build tensor network varieties

Cm3 Cm2

Cm2Cm3

Cm1Cm1

Im3 Im2

Im1

Fix a weighted graph Γ = (v(Γ), e(Γ)) with weights m = (me : e ∈ e(Γ))

called bond dimensions. Let L = #v(Γ).

Attach Ime =
∑me

1 vi ⊗ vi ∈ Cme ⊗ Cme to edge e.
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How to build tensor network varieties

Cm3 Cm2

Cm2Cm3

Cm1Cm1

Im3 Im2

Im1

⊗
e∈e(Γ)Ime

Fix a weighted graph Γ = (v(Γ), e(Γ)) with weights m = (me : e ∈ e(Γ))

called bond dimensions. Let L = #v(Γ).

Attach Ime =
∑me

1 vi ⊗ vi ∈ Cme ⊗ Cme to edge e.

Tensor all of them together:
⊗

e∈e(Γ)Ime
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How to build tensor network varieties

Cm3 Cm2

Cm2Cm3

Cm1Cm1

Im3 Im2

Im1

T (Γ,m) =
⊗

e∈e(Γ)Ime⊗
v∈v(Γ)

[⊗
e3vC

me
]

=
⊗

v∈v(Γ)

Wv

Fix a weighted graph Γ = (v(Γ), e(Γ)) with weights m = (me : e ∈ e(Γ))

called bond dimensions. Let L = #v(Γ).

Attach Ime =
∑me

1 vi ⊗ vi ∈ Cme ⊗ Cme to edge e.

Tensor all of them together:
⊗

e∈e(Γ)Ime

Group together spaces on the same vertex, to obtain a tensor of order L

This is T (Γ,m), the graph tensor associated to Γ with bond dimension m.
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How to build tensor network varieties – cont’d

Consider vector spaces V1 ⊗ · · · ⊗ VL with nj = dimVj .

Define

Φ : ×
v∈v(Γ)

Hom(Wv ,Vv )→ V1 ⊗ · · · ⊗ VL

(X1, . . . ,XL) 7→ (X1 ⊗ · · · ⊗ XL)(T (Γ,m)).

The map Φ parameterizes (a dense subset of) the tensor network variety:

TNS◦Γ(m, n) = Im(Φ) ⊆ V1 ⊗ · · · ⊗ VL.

The tensor network variety is

TNSΓ(m, n) = TNS◦Γ(m, n) ⊆ V1 ⊗ · · · ⊗ VL.
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Example

Consider the following graph:

1 2m

In this case, T (Γ,m) = Im ∈ Cm ⊗ Cm = W1 ⊗W2.

Fix V1,V2 with dimVj = nj . The map

Φ : Hom(W1,V1)× Hom(W2,V2)→ V1 ⊗ V2

is defined as Φ(X1,X2) = X1 · Im · X t
2 = X1X

t
2 .

So
TNS◦Γ(m, n) = {T ∈ V1 ⊗ V2 : rank(T ) ≤ m}

In this case TNSΓ(m, n) = TNS◦Γ(m, n).
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Properties

• An edge of weight 1 is the same as no edge.

• Multiplicativity:

T (Γ,m) � T (Γ,m′) = T (Γ,m�m′)

(here � is the entry-wise product).

• Monotonicity:

If m′ ≤ m (entry-wise) then TNSΓ(m′, n) ⊆ TNSΓ(m, n)

• Universality: If Γ is connected then

TNSΓ(m, n) = V1 ⊗ · · · ⊗ VL

if me is large enough for every e ∈ e(Γ).

• Irreducibility and invariancy under rescaling:

We can think of (the projectivization of) TNSΓ(m, n) as a projective
irreducible variety in P(V1 ⊗ · · · ⊗ VL).
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Who cares?

Idea. It is easy to evaluate graph tensors compared to other tensors in the
same space.

Strategy. Given T ∈ Cn ⊗ · · · ⊗ Cn

• choose a graph Γ and small m, so that evaluating T (Γ,m) is easy;

• hope to find linear maps X1, . . . ,XL such that

(X1 ⊗ · · · ⊗ XL)(T (Γ,m)) = T ;

• use evaluation of T (Γ,m) to evaluate T .

This strategy uses TNS◦Γ(m, n) as ansatz class for a good representation of the
tensor T .

A class of tensors of physical interest (ground states of local gapped
hamiltonians) have good TNS representations.

Questions

• What if T ∈ TNSΓ(m, n) \ TNS◦Γ(m, n)?

• How large is this boundary?

• How to sample points from the boundary?
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The boundary of TNSΓ(m,n)

What can we say about TNSΓ(m, n) \ TNS◦Γ(m, n)?

Theorem. [Landsberg, Qi, Ye’12; Barthel, Lu, Friesecke’21]
• If Γ does not have cycles, then TNS◦Γ(m, n) is Zariski closed.

• If Γ does have cycles, then “we expect”

TNSΓ(m, n) \ TNS◦Γ(m, n) 6= ∅

unless it is empty for trivial reasons (e.g. TNSΓ◦(m, n) fills the space).

Fact. [Christandl, Lucia, Vrana, Werner’20]
Sometimes, tensors of physical interest lie on the boundary.

In [Christandl, G., Stilck-França, Werner’20], we determine a new ansatz class
with two properties:

• evaluation is easy

• the class includes tensors at the boundary

We use the geometry of osculating spaces to TNSΓ(m, n).
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Restriction and degeneration

Consider two tensors S ∈W1 ⊗ · · · ⊗WL and T ∈ V1 ⊗ · · · ⊗ VL.

Restriction: S restricts to T if there exist Xi : Wi → Vi such that

T = (X1 ⊗ · · · ⊗ XL)[S ].

Degeneration: S degenerates to T if there exist Xi (ε) : Wi → Vi depending on
ε such that

T = lim
ε→0

(X1(ε)⊗ · · · ⊗ XL(ε))[S ].

With these definitions:

• TNSΓ◦(m, n) is the set of all restrictions of T (Γ,m);

• TNSΓ(m, n) is the set of all degenerations of T (Γ,m).
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Frist ideas to enlarge the ansatz class

We can just increase the bond dimension, and eventually include the tensors we
want:

Theorem [classical; CGSW]
Let T ∈ TNSΓ(m, n).
There exists M ≤ mt(Γ) such that T ∈ TNSΓ◦(M, n); here t(Γ) is a number
depending on Γ.

Idea of Proof A “path” restricts to the edge joining its extremes:

m m →

m

T (Λ,m) restricts to T (_,m)

By multiplicativity: T (Λ,m2) = T (Λ,m) � T (Λ,m) restricts to T (4,m).

Therefore every degeneration of T (4,m) is a degeneration of T (Λ,m2).

But Λ does not contain cycles, hence its degenerations are restrictions!

With this strategy, pass from a spanning tree for Γ to the entire Γ.
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depending on Γ.

Idea of Proof A “path” restricts to the edge joining its extremes:

m m →

m

T (Λ,m) restricts to T (_,m)

By multiplicativity: T (Λ,m2) = T (Λ,m) � T (Λ,m) restricts to T (4,m).

Therefore every degeneration of T (4,m) is a degeneration of T (Λ,m2).

But Λ does not contain cycles, hence its degenerations are restrictions!

With this strategy, pass from a spanning tree for Γ to the entire Γ.
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How do degenerations look like?

Fact. If S degenerates to T , it is possible to choose Xi (ε) depending
polynomially in ε and obtain

(X1(ε)⊗ · · · ⊗ XL(ε))[S ] = εaT0 + · · ·+ εa+eTe

with T0 = T , so that

lim
ε→0

ε−a(X1(ε)⊗ · · · ⊗ XL(ε))(S) = T .

Call:

• a approximation degree

• e error degree

They tell us how far the degeneration is from being a restriction.

Note. From a geometric point of view:

• e is the degree of the approximating curve,

• a is more complicated.
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Using e: An interpolation argument

Theorem [Bini; Strassen; CLVW]
Let T ∈ TNSΓ(m, n) with error degree e.
There exists M ≤ (e + 1)m such that T ∈ TNSΓ◦(M, n) for some
M ≤ (e + 1)m.

Idea of Proof Two important facts:

• e is the degree of the approximating curve

• every (generic) point on the approximating curve is a restriction

Classical fact: Every e + 1 generic points on a curve of degree e have the same
span as the whole curve.

So, e + 1 points on the approximating curve span the limit point!

Increase the bond dimension enough to get e + 1 simultaneous restrictions,
then interpolate to get the limit point.
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The role of a

Recall
(X1(ε)⊗ · · · ⊗ XL(ε))[S ] = εaT + higher order terms.

Write
Xj(ε) = Xj,0 + Xj,1ε+ Xj,2ε

2 + · · ·

so that

X1(ε)⊗ · · · ⊗ XL(ε) =
∑
p

 ∑
p1+···+pL=p

X1,p1 ⊗ · · · ⊗ XL,pL

 εp.
Two things must happen:

• for p < a,

 ∑
p1+···+pL=p

X1,p1 ⊗ · · · ⊗ XL,pL

 [S ] = 0,

• for p = a,

 ∑
p1+···+pL=a

X1,p1 ⊗ · · · ⊗ XL,pL

 [S ] = T .
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The role of a – cont’d

Consider a vector space Ca+1, with basis {v0, . . . , va} and define

χa,L =
∑

p1+···+pL=a

vp1 ⊗ · · · ⊗ vpL ∈ Ca+1 ⊗ · · · ⊗ Ca+1

These are generalizations of tangent vectors to the variety of rank-one tensors
in (Ca+1)⊗L.

Observation. If S degenerates to T with approximation degree a, then T is a
restriction of

S � χa,L.

New ansatz class [CGSW]
Define

∂TNSΓ
m,n,a = {all restrictions of T (Γ,m) � χa,L}

This contains all degenerations of T (Γ,m) with approximation degree a.
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Properties of the new ansatz class

New class:

∂TNSΓ
m,n,a = {all restrictions of T (Γ,m) � χa,L }

• ∂TNSΓ
m,n,a contains tensors at the boundary!

• We prove that good evaluation properties of T (Γ,m) pass to
T (Γ,m) � χa,L:

• χa,L has minimal border rank;

• χa,L has a small tensor network representation.
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Summary and final remarks

• Tensor network representations are useful to evaluate tensors.

• Sometimes, one wants to evaluate tensors at the boundary.

• We can enlarge the bond dimension to include elements of the boundary.

• We can define a new ansatz class which includes elements of the boundary.

• In both cases, we can control the overhead in the complexity of evaluation.

What next?
The new classes contain many new tensors, not just boundary ones.

• How much bigger is the new class?

• What are the new tensors?

• Are they useful?
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