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Quadratic forms

Polynomial spaces

@ V vector space over C, dimV = n < oo;
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Polynomial spaces

@ V vector space over C, dimV = n < oo;
e D=SV)=Cl[y1,.-,¥n], R=8S(V) =C[xy,...,x5].
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Quadratic forms

Polynomial spaces
@ V vector space over C, dimV = n < oo;
e D=SV)=Cl[y1,.-,¥n], R=8S(V) =C[xy,...,x5].

4
Definition (Waring rank of a polynomial i € R,)
rk(h) =miny r e N| h = Z(al,jxl +--- +an,jxn)d ca;jeC
j=1
v
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Quadratic forms

Polynomial spaces

@ V vector space over C, dimV = n < co;
e D=SV)=Cl[y1,.-,¥n], R=8S(V) =C[xy,...,x5]. )
Definition (Waring rank of a polynomial i € R,)
rk(h) =miny r e N| h = Z(al,jxl +oe. +an,jxn)d ca;jeC
Jj=1 J
Definition (Border rank of a polynomial h € Rj;)
r
brk(h) =min{ r e N | h = }in(l)Z(al,j(t)xl +ootan i (Dxn) : aij(2) € C
—> =
y
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Quadratic forms

— o2
Gn = X{ + -+ X;,
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Quadratic forms

Quadratic forms

Problem

seN: r1k(g3)=? brk(q) =7
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Quadratic forms

Quadratic forms

seN: r1k(g3)=? brk(q) =7

4
Classical decompositions
2 23 4 1 4 4
q3]7 == Zj x; + 1 Z (x1 £ xp £ x3) (E. Lucas, 1877)
) 2 4 4 1 8 4 o .
@, = = Z 4o Z (X1 + X2 % X3 % X2) (J. Liouville, 1859)
(%) (%) 4 4-n n 4
[42], = 6 Z]1<]2 7 +x]2 "% Z]1<]2 i~ %)+ 3 ;%
(B. Reznick, 1992)
y
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Classical decompositions

Theorem (B. Reznick)

k(g5) =s+1.

Border rank of powers of ternary quadratic forms September 22“d, 2022 4/16



Classical decompositions

Theorem (B. Reznick)

S) —
k(g5) =s+1.
4
Decompositions of g3
s+1 9
q 2s (] B 1)7[
a5 = > (r(s)cos(r)x; +r(s)sin(r)x) ™, 7; = D
j=1
v
Border rank of powers of ternary quadratic forms September 22“d, 2022 4/16




Theorem (B. Reznick)

Classical decompositions

S\ —
k(g5) =s+1.
4
20 s
Decompos1t10ns of q2
s+1 (] l)T[
q 2s B
q;5 = Z (r(s)cos(7j)x1 +r(s)sin(zj)x2)”, 71j = =1
j=1
v
Examples
Decomposition of q23 (4 points) X2 Decomposition of q;‘ (5 points) X
=T =~ RN
I b [4 *
\ 7 X1
1
. )
o -o~
v
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Quadratic forms Classical decompositions

Three variables

Decomposition of q32 (6 points)

4 1+‘/§
[43]6 62 X)), @= 3
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Classical decompositions

Apolarity action

@ Apolarity action of Dy on R;
o: D xRj — Rj_k
0

(1% 3) o o ()
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Quadratic forms Classical decompositions

Apolarity action

@ Apolarity action of Dy on R;
o: D xRj — Rj_k
0

(1% 3) o o ()

@ Apolarity action of D on R
o: DXR — R

(& f) > gof
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Quadratic forms Classical decompositions

Apolarity action

@ Apolarity action of Dy on R;
o: D xRj — Rj_k
0

(1% 3) o o ()

@ Apolarity action of D on R
0: DXR — R

(&f) — gof
4
Definition (Apolar ideal of a homogeneous polynomial i € R;)
ht={geS(V")|goh=0}. )
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Classical decompositions

Catalecticant map of h € SV

Catp,: D — R
gr> goh
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Quadratic forms Classical decompositions

Catalecticant map of h € SV

Catp,: D — R
gr> goh

o Ker(Caty) = ht;
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Quadratic forms Classical decompositions

Catalecticant map of h € SV

Catp,: D — R
gr> goh

o Ker(Caty) = ht;
o Caty graded = Cat;l: Dj — Rg-j well defined for j € N.
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Quadratic forms Classical decompositions

Catalecticant map of h € SV

Catp,: D — R
gr> goh

o Ker(Caty) = ht;
o Caty graded = Cat;l: Dj — Rg-j well defined for j € N.

4
Proposition (J. J. Sylvester, 1851)
Forevery f e Rgand0 < k <d
tk f > brk f > rk(Cat}).
4
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Definition (Laplace operator)

Differential operator A: Dy — Dy_»

2
= 9

A=
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Harmonic polynomials

Definition (Laplace operator)
Differential operator A: Dy — Dy_»

n

A —62

- 2

=1 9Y;
4

Space of the d-harmonic polynomials
d _

H? = Ker(A) € Dy ]
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Harmonic polynomials

Definition (Laplace operator)
Differential operator A: Dy — Z)d_z

A 0?
- 2
i=1 ay
4
Space of the d-harmonic polynomials
H? = Ker(A) € Dy
v
Theorem
1 _ s+1
(q)* = (Hy*') )
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ntations

Lower bound

brk(g5) > (Cat) S;2
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Lower bound

Border rank of g3
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Representations

Lower bound

Border rank of g3

=3
LN
Il
—_
N
N+
[\
~————

Lemma (Apolarity lemma)

Let f € Rqand Z  P" a O-dimensional scheme. Let vq: P(C") — P(S4C")
be the d-Veronese map. The following conditions are equivalent:
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Representations

Lower bound

Border rank of g3

Lemma (Apolarity lemma)

Let f € Rqand Z  P" a O-dimensional scheme. Let vq: P(C") — P(S4C")
be the d-Veronese map. The following conditions are equivalent:

o fe(va(2));
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Representations

Lower bound

Border rank of g3

Lemma (Apolarity lemma)
Let f € Rqand Z  P" a O-dimensional scheme. Let vq: P(C") — P(S4C")

be the d-Veronese map. The following conditions are equivalent:
o fe(va(Z))
e I(Z)C [~
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Representations

Lie algebra of SL,C
shC={AeMat;(C) |[trA=0}, dim(s,C) =3.
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Representations

Lie algebra of SL,C
shC={AeMat;(C) |[trA=0}, dim(s,C) =3. )
Basis of s[,C
0 0 1 0 0
w=fo 2) e=o o) #= (o)
[H,E] =2E, [H,F]=-2F, [E F]=H.
4
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Representations

Lie algebra of SL,C
shC={AeMat;(C) |[trA=0}, dim(s,C) =3. )
Basis of s[,C
1 0 0 1 00
a=lo 5 #= (0 o) 7= 0)
[H,E]|=2E, |[H,F]=-2F, |E,F]=H.
y
Representations of sl,C
e S"(C?) essentially unique irreducible representation;
V.
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Representations

Lie algebra of SL,C
shC={AeMat;(C) |[trA=0}, dim(s,C) =3. )
Basis of sl,C
1 0 0 1 00
a=fo B) #= o o) #=(00)
[H,E]|=2E, |[H,F]=-2F, |[E,F]=H.
4
Representations of sl,C
e S"(C?) essentially unique irreducible representation;
° {x”‘kyk}k 0., Setof weights;
4
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Representations

Lie algebra of SL,C

shC={AeMat;(C) |[trA=0}, dim(s,C) =3. )
Basis of s[,C
1 0 0 1 00
wefo 2)e=lo o) #=fi )
[H,E]|=2E, |[H,F]=-2F, |[E,F]=H.
4
Representations of sl,C
e S"(C?) essentially unique irreducible representation;
° {x”‘kyk}k 0., Setof weights;
o Vi = (x”‘kyk> forevery k =0,...,n
E:Vi > Vis, H:Vi >V, F:Vi— Vi )
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Representations

Proposition (R. Goodman and N. R. Wallach)
The space H? is an irreducible SO,,(C)-module.
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Representations

Proposition (R. Goodman and N. R. Wallach)
The space H? is an irreducible SO,,(C)-module.

Lie algebra of SO3(C)

503C ={AeMat3(C) |[A=-"A} = s,C.
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Representations

Proposition (R. Goodman and N. R. Wallach)
The space H? is an irreducible SO,,(C)-module.

4
Lie algebra of SO3(C)
503C ={AeMat3(C) |[A=-"A} = s,C.
4
Change of variables
_ntiy -y
= ) ) V= ) ’ Z=Y)3. )

Cosimo Flavi Border rank of powers of ternary quadratic forms September 22"d, 2022

11/16



Representations

Proposition (R. Goodman and N. R. Wallach)

The space H? is an irreducible SO,,(C)-module. )
Lie algebra of SO3(C)
503C ={AeMat3(C) |[A=-"A} = s,C.
y
Change of variables
_ntiy yi—ip 3
= ) ) V= ) ’ Z=Y)3. )
Basis of s03C (with respect to {u, v, z})
2 0 0 0 0 -2 0 00
H=|0 -2 0|, E=|0 0 0|, F=|0 0 2.
0 0 O 01 0 -1 0 0
y
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Laplace operator

0> 4* a? 0? 0°

A=—+—+—= + .
Oylz 6y22 ayz? oudv 0z2

Border rank of powers of ternary quadratic forms September 22"d, 2022 12/16



Representations

Laplace operator
8? 0? 82 0? 82
=—+—+—= + —.
Oylz 6y22 ayz? oudv 0z2

4
Notation (divided powers)
1
ulkilylkelglsl = —— _ _ykipkazks  f ko, k3 € N.
kilko!ks! )
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Representations

Laplace operator

02 0’ 02 02 02
=—+—+—= +—.
2 2 2 2
dy; 0y, 0y; Oudv o0z )
Notation (divided powers)
1
ulkilyliel Zlks] = ﬁuklvkzz’@, ki, k2, k3 € N.
kilko!ks! )
g _ d
Basis B, = {hdyk}—dsksd of H;
L44] L%4]
. (=) ulk+il gla=k=21, 1 g = (=1) i gla=k=2]1 [k+]]
Jj=0 Jj=0
v
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Representations

Harmonic generators of the basis By = {hd,k}_ d<k<d

1L\ _F /1 _Eo 1, _E /1 _EL[1 o,
<2H>T 4uzT 12( 2uv)T 4va 21/

by o1 12,0 12,-1 hy, 2
L\ E[1L H \VE [T (5 E (1 (2 L1 (o E[L L \VE (15
<€u > < Eu z < %u(z uv) < mz(z 6uv) < %v(z uv) < ﬁv z < gv
h3 3 }132 h},l ;’310 hl,] hg’,z hgy,;

lud —F—> 1 ud—lz —Fa—Fa 1 pid-lg SRS Lvd
d! E 2d(d - 1)! E E 2d(d-1)! E a!

ha,a ha,a-1 hg,—(d-1) ha,—q
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Candidate ideal

2

s+2
Liy1 = (Bss1,5415 - -5 Bsp10) C (Clﬁ)l Vise1 = (u,z) deg(lsy) = ( )
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Representations

Candidate ideal
s+2
I = (hs+l,s+ly ceey hs+1,0) - (q;)l VIs+1 = (u; Z) deg(IsH) = ( ) )
y
Proposition
The ideal I, is saturated. )
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Representations

Candidate ideal
s+2
I = (hs+l,s+ly ceey hs+1,0) - (q;)l VIs+1 = (u; Z) deg(IsH) = ( ) )
y
Proposition
The ideal I, is saturated. )

Smoothable rank of f € Ry

smrk f = min{ r € N | 30-dim sm. scheme Z: degZ =71, f € (vg(Z)) }
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Representations

Candidate ideal
s\L s+2
I = (hs+l,s+ly ceey hs+1,0) - (CI3) VIs+1 = (u; Z) deg(IsH) = )
V.
Proposition
The ideal I, is saturated. y
Smoothable rank of f € Ry
smrk f = min{ r € N | 30-dim sm. scheme Z: degZ =71, f € (vg(Z)) }
Use of apolarity lemma
> s+2
Every scheme Z C IP°C is smoothable = smrk(g3) < .
4
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Representations

Border rank

822 < brk(q;) < smrk(q3) < 842-2
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Representations

Border rank

2

(157 < okt < smokta) < *37)

Conclusion
Letf € C[x1, x2, x3]2. Then:
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Representations

Border rank

s+2 s+2
< brk(q;) < smrk(q3) <
2 2
4
Conclusion

Letf € C[x1, x2, x3]2. Then:
o tkf=1= brk(f*) =1

4
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Representations

Border rank

s+2 s+2
( 5 ) < brk(q;) < smrk(q3) < ( 5 )
4
Conclusion
Letf € C[x1, x2, x3]2. Then:
o tkf=1= brk(f*) =1
o tkf=2=brk(f¥) =s+1
4
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Representations

Border rank

+2 +2
(s 5 ) < brk(q;) < smrk(q3) < (S 5 )
4
Conclusion
Letf € C[x1, x2, x3]2. Then:
o tkf =1= brk(f*) =1
o tkf=2=brk(f¥) =s+1
+2
o rkf:3=>brk(fs):(82 )
4
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